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1 System Poles and Zeros

The transfer function provides a basis for determining important system response characteristics
without solving the complete differential equation. As defined. the transfer function is a rational
function in the complex variable s : o * jw, that is

//(s) -
b*s* *b7n-1sm-1 +... + brs * bo

(1)ansn * an-1sn-1 1 . . . + a,1s * ag

It is often convenient to factor the polynomials in the numerator and denominator, and to write
the transfer function in terms of those factors:

(2)

where the numerator and denominator polynomials, l[(s) and D(s). have real coefficients defined
by the system's differential equation and K - b*/an' As written in Eq. (2) the z11s are the roots
of the equation

N(s) - 6, (S)

and are defined to be the system zerosi and the p6)s are the roots of the equation

D(s) : g, (4)

and are defined to be the system poles. In Eq. (2) the factors in the numerator and denominator
are written so that when s: zi the numerator N(t) - 0 and the transfer function vanishes, that is

"'gg,T(') 
:o'

and similarly when s : pi the denominator polynomial D(s) - 0 and the value of the transfer
function becomes unbounded,

]4''G) = *'
All of the coefficients of polynomials N(r) and D(s) are real, therefore the poles and zeros must

be either purely real, or appear in complex conjugate pairs. In general for the poles, either pi: oi,
or else Pt,Pt+t - oi*iq. The existence of a single complex pole without a corresponding conjugate
pole would generate complex coefficients in the polynomial D(s). Similarly, the system zeros are
either real or appear in complex conjugate pairs.

:]l(.r)

Figure 1: The pole-zero plot for a typical third-order system
conjugate pole pair, and a single real zero.

p

with one real pole and a complex
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Figure 4: Definition of the parameters un and ( for an nnderdamped, second-order system from
the complex conjugate pole locations

The pole locations of the classical second-order homogencous system

ii+zew"fr*wtny-s,
described in Section g.3 are given by

pt,pz: -ewn*utrr@=
If ( > 1, corresponding to an overd.amped system, the two poles are real and lie in the
plane. For an underdamped system, 0 < C < 1, the poles form a complex conjugate pair,

pr,pz: _ewn* jw,lt _ e, (15)

and' are located in the left-half plane, as shown in Fig. 4. Flom this figure it can be seen that the
poles lie at a distancQ u)n from the origin. and at an angie *cos-l(() from the negative real axis.
The poles for an underdamped second-order system therefore lie on a semi-circle with a radius
defined by un, at an angle defined by the value of the damping ratio (.

1.3 System Stability

The stability of a linear system may be determined directly from its transfer function. An nth order
Unear system is asymptotically stable only if all of,the 'components in the homogeneous response
from a finite set of initial conditions decay to zero as time increases, or

\ .X:
\\-

(13)

(14)

left-half

TL

hm f Qrs;Pit :0.
t---+@ 

-i:1-

where the pi are the system poles. In a stable system all components of the homogeneous respgnse
must decay to zero as time increases. If any pole has, a positive real part there is a component in
the output that increases without bound, causing the system to be unstable.

ln order for a linear system to be stable, all of its poles must have negative real parts,

that is they must all lie within the left-half of the s-plane. An "unstable" pole, lying in

the right half of the s-plane, generates a component in the system homogeneous response

that increases without bound from any finitc initial conditions. A 
-syste.m 

having one

or more poles lying on the imaginary axis of ttre s-plane has non-decaying oscillatory

components in its homogrrr"oN response, and is defined to be marginally stable'

(16)
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Figure 2: The specification of the form of components of the homogeneous response from the system
pole locations on the pole-zero plot.

characteristic equation, and also theThe transfer function poles are the roots of the

': .,i.:r,

The homogeneous response may therefore be written

I,\
a::;

.:rr* :,:,i,.':,i!l

,:,'r'r r:ts!.i *i :!:i:!::':::t
1:z

rL

ah(t) - D CisPit.
l,: I

The location of the poles in the s-plane therefore;'define the n components in the homogeneous
response as described below:

1. A real pole p; - -oin the left-half of the s-plane defines an exponentially decaying component
. Ce-ot. in the homogeneoub response. The rate of the decaf is determined b1' the pole
location; poles far from the origin in the t"t-h"t{ plane correspond to components that decay
rapidly while poles near the origin correspond to'slowly'ttec6lririg compoirentS',

2. A pole at the origirt Pi :0 defines a component that is constant in amplitude and defined by
the initial conditions. r ., I ,

3. A real pole in the right-half plane corresponds to.an exponentially increasing component Ce't
in the homogeneous response; thus defining the system to be unstable.

'

4. A complex conjugate pole pair o L jw in the- left-half of the s-plane combine to generate a
response component that is a decaying sinusbid of 'the form Ae-'t sin (a/ + il where A and
$ are determined by the initial conditions. The rate of decay is specified by o; the frequencl,
of oscillation is determined by c^,,.

5. An imaginary pole pair, that is a pole pair lying on the imaginary axis, *jw generates an
oscillatory component with a constant arnplitude determined by the initial gonditions

,, - ..

(11)
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